Abstract. Let U m be an m × m Haar unitary matrix and U [m,n] be its n × n truncation. In this paper the large deviation is proven for the empirical eigenvalue density of U [m,n] as m/n → λ and n → ∞. The rate function and the limit distribution are given explicitly. U [m,n] is the random matrix model of quq, where u is a Haar unitary in a finite von Neumann algebra, q is a certain projection and they are free. The limit distribution coincides with the Brown measure of the operator quq.
Introduction
Although the asymptotics of the eigenvalue density of different random matrices has been widely studied since the pioneering work of Wigner [18] , the first large deviation theorem for the empirical eigenvalue density of self-adjoint Gaussian random matrices was proven by Ben Arous and Guionnet much later [1] . After the publication of their work, several similar theorems were obtained for different kind of random matrices. In particular, Haar distributed unitaries were discussed by Hiai and Petz [11] and the monograph [10] contains more information about similar results (see also [13, 2] ). Free probability theory has inspired non-commutative large deviation results for random matrices recently, see [7] , for example.
The aim of this article is to prove the large deviation theorem for the empirical eigenvalue density of truncated Haar unitary random matrices, and to determine the limit measure. Let U be an m × m Haar distributed unitary matrix. By truncating m − n bottom rows and m − n last columns, we get an n × n matrix. The truncated matrix is a contraction, hence the eigenvalues are in the unit disc. Our aim is to study the asymptotics of the empirical eigenvalue density when n → ∞ and m/n → λ. The truncated Haar unitaries appeared in the works [19, 5] . Since our random matrix model is unitarily invariant, the limiting eigenvalue density is rotation invariant in the complex plane. It turns out that the limiting density is supported on the disc of radius 1/ √ λ. In this paper the large deviation result is established and the exact form of the rate function is given. The large deviation implies the weak convergence of the empirical eigenvalue density of the truncated unitaries with probability one. The paper is organized as follows. Section 2 contains some preliminaries about potential theory and large deviations. The large deviation result is stated in Section 3. Section 4 contains the proof of our main result. In Section 5 of the paper we make a connection to free probability theory. The truncated Haar unitaries form a random matrix model for the non-commutative random variable quq, where u is an appropriate unitary, q is a projection and they are assumed to be free. We observe that the limiting eigenvalue density coincides with the Brown measure of the operator quq. Our paper is based on the joint eigenvalue density of truncated unitaries. In the Appendix we sketch the derivation of this formula following the original paper [19] .
Preliminaries
In this section we review the setting of large deviation for the empirical eigenvalue density of random matrices and collect some useful concepts and results from potential theory.
Assume that T n (ω) is a random n × n matrix with complex eigenvalues ζ 1 (ω), . . . , ζ n (ω). (If we want, we can fix an ordering of the eigenvalues, for example, regarding their absolute values and phases, but that is not necessary.) The empirical eigenvalue density of T n (ω) is the random atomic measure
where δ(z) denotes the Dirac measure supported on {z} ⊂ C. Therefore P n is a random measure, or a measure-valued random variable. Let us recall the definition of the large deviation principle [6] . Let (P n ) be a sequence of measures on a topological space X. The large deviation principle holds with rate function I : M(X) → R + ∪ {+∞} in the scale n −2 if lim inf
for all open set G ⊂ X, and
Let U (m) be an m×m Haar distributed unitary matrix. By truncating m−n bottom rows and m−n last columns, we get a n×n matrix U [m,n] . The truncated matrix U [m,n] is not a unitary but its operator norm is at most 1. Hence the eigenvalues ζ 1 , ζ 2 , . . . , ζ n lie in the disc D := {z ∈ C : |z| ≤ 1}. The relevant topological space is M(D), the space of probability measures on D. Note that this space is a compact metrizable space with respect to the weak convergence of measures. Let
